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Abstract Starting from a knowledge of certain identities in the Lagrangian description, the
diffeomorphism transformations of metric and connection are obtained for both the second
order (metric) and the first order (Palatini) formulations of gravity. These transformations
are found to be identical to the diffeomorphism transformations of the fields which establish
a one-to-one mapping between the gauge and diffeomorphism symmetry.
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1 Introduction

Classical description of gravity is best formulated by general relativity theory where gravity
is treated as curvature of space time instead of an external force. In order to build up the
whole formulation one needs to introduce two logically independent concepts, one is metric
and the other is connection. Metric is a symmetric second rank covariant tensor which is
used to define an invariant length on the manifold and the connection is introduced to map
the vectors of different tangent spaces, which in turn is used to define the covariant deriva-
tive. Though these two concepts are entirely independent, in the standard version of general
relativity one demands two conditions i.e. torsion free nature of connection and the vanish-
ing covariant derivative of metric (metric compatibility condition) [1]. The violation of the
first condition together with a general asymmetric metric leads to many theoretical results in
which Einstein himself was very much interested [2, 3]. The second condition, in a special
formulation of general relativity known as Palatini formulation, is not assumed a priori but
derived as an equation of motion [4]. Though this formulation gives the same result as the
standard general relativity in vacuum, it leads to distinct results when spinors are coupled to
gravity [5].
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A relativistic description of classical gravity whether it is standard (metric) formula-
tion or Palatini formulation is essentially based on the physical concept of general covari-
ance principle. It is also known that the general theory of relativity is invariant under local
Poincaré transformation. Thus, instead of taking the parameters of Poincaré transformations
as some constants, if one considers them to be functions of space time, principle of equiva-
lence emerges automatically.

But even without referring the Poincaré symmetry, the gauge transformations of the fields
can be obtained from the Einstein Hilbert action where the presence of gauge symmetry
is indicated by the first class constraints of the theory. Following Dirac’s algorithm [6],
generator of the gauge or diffeomorphism transformations can be constructed from a linear
combination of the constraints which finally gives the diffeomorphism transformation of the
metric field [7, 8]. An important tool in this formulation is the A-D-M (Arnowitt-Deser-
Misner) decomposition [9] of space time where three spacelike surfaces evolve along a time
like direction. In fact it is well known that this decomposition plays a central role in all
Hamiltonian formulations of general relativity.

In the present paper we follow the Lagrangian description to obtain the gauge trans-
formations of general relativity theory. By explicit computation we demonstrate that the
Lagrangian gauge identities lead to the right diffeomorphism transformations of the fields
which indicates a one-to-one correspondence between the gauge and the diffeomorphism
invariance of the theory. This observation is made for both the second order metric gravity
and the first order Palatini formalism of gravity.

Obtaining of gauge transformations systematically from the action of field variables is
very important. As is well known, any symmetry transformation of the fields which keeps
the action invariant is not necessarily a gauge transformation. Gauge symmetry means pres-
ence of extra degrees of freedom in the theory. The standard method to check a symmetry
transformation is a gauge transformation or not is to find the corresponding Hamiltonian
gauge generator. There is also an analogous approach in the Lagrangian formulation. In
the present paper we follow the later approach to show the existence of certain identities
which involve the Euler derivatives and the generators of gauge transformations. From these
identities the diffeomorphism transformations of the basic fields are calculated in a system-
atic manner. As mentioned already, the Hamiltonian gauge theory when applied to general
relativity needs one additional tool namely the A-D-M decomposition of space time. This
decomposition is not required to study the Hamiltonian description of other theory like non-
Abelian gauge theory. In this paper we follow the Lagrangian formulation and observe that
the method which is used to analyze the non-Abelian gauge theory can be applied directly
to the general relativity theory without adopting any extra tool. In this sense, the method
discussed here is conceptually simpler than the Hamiltonian A-D-M decomposition.

This paper is organized as follows. In Sect. 2 we give a short description on the general
method of analyzing the gauge symmetry in the Lagrangian frame work. Non-Abelian gauge
theory, both in its second and first order versions are taken as examples in Sect. 3 to illustrate
the method. The second order formulation of metric gravity is discussed in Sect. 4, whereas
the first order Palatini formulation is analyzed in Sect. 5. Section 6 is left for discussions on
the implications of present analysis and after that a short appendix is added.

2 General Formulation

It is a well known [10-14] fact that a theory containing gauge symmetry possesses an iden-
tity involving the various Euler derivatives of the theory. This identity is called the gauge
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identity from which the gauge transformations of the fields can be calculated. We briefly
discuss this method in this section for a general gauge theory.
To study the dynamics of a field from an action principle we consider a general La-

grangian,
=/dz£=/d4x£ (1)

where the Lagrangian density, £ is a function of the field variable g (x, t)' and its space time
derivatives of different orders. An arbitrary variation of this action is written as

58 =— / d*x 8q(x, )L(x, 1). )
For example, if Lagrangian density involves only up to first order derivative of the field
£=/d3x L(gx,1), 9;q(x,1), dq(x,1)). (3)

Euler derivative L which appears in the right hand side of (2) is of the form [11]

52 52g 58
— 3, T= 3, 9~ . .
Lix. t)_/d Vs nsaq.nd® t”/d Vsawnsaq nd¥? " s @

Applying the action principle in (2), the equations of motion are obtained by setting the
Euler derivative to be zero i.e. L = 0. Now we vary the field ¢ in the following way

0%
5q(x, r)—Z( 1y ch ”(z T D 2 ®)

s=0

with  and p being the parameter and generator, respectively, of the transformation. Under
this variation of the field, the variation of the action is written from (2) as

- / d*x / &z n(z, 1) p)(x, 2) L(X, 1)
8 d (0" 'n(e,

[ e [end (#) pro (6, DL, 1)
s=1

= —/d“z n(z, 1) (/ d*x py (x, 2) L(X, t))
9
—/d“z n(z, 1) (/ &x E(p(l)(x,z)L(x,z))) .. (6)

We define a quantity [10, 11]

Az, 1) = [Z / — (p(x. 2)L(x, z))} )

1We use the notation x for the four vector x* = (x,1).
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to write (6) in the form
58 =— / d*z n(z, HA(z, 1). (8)
If the action does not change (§S = 0) under the field transformation (10) then it implies,

Az, 1) =0. )]

The last equality, which is called the gauge identity, must be true without use of any
equation of motion. For more than one gauge invariance, (5) and (7) will be generalized as,

0°
59°(x, r)—Z( 1y /d3 el @0 o ) (10)

S

and

Az 1) = [Z/d’x ; (0% (x, 2) La(x, z))}. (11)

3 An Example: Non-Abelian Gauge Theory

Here we study a particular example to illustrate the general formalism discussed in the pre-
vious section. We take the standard second order action of the non-Abelian gauge theory,

S=/d4x [—%TrF,w(x)F"”(x)} (12)

where the generators (T“) of the gauge group satisfy>
(T, TP = if*cTe. (13)
The Euler derivatives L*“ gives the equations of motion
LM = — (D, F**)* =0. (14)
Here the covariant derivative D is defined in the adjoint representation,
D, = 0,8 +ig[Ay, &l 15)
In order to obtain the gauge transformations we first find the gauge identity. It is given by,
A*=—(D"L,)" =0. (16)
Comparing this identity with the general form (11) we get the following generators [12]

PR (x, 2) = =g 8 (x — 2) AG (), an

2We choose the representation where the structure constant fabe s antisymmetric in all indexes and
Te(T4T?) = L670.
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Pl (x,2) = =88 (x — 2), (18)
o (x,2) = =898 (x — )
—gf" 8 (x—2) A (x). (19)

Using these expressions of the generators, we now obtain the gauge transformations of the
A" field from (10)

SAM — a/ina _ gfabCApLh c_ (Dﬂn)a- (20)
‘We now consider the first order action of the non-Abelian gauge theory
1
S = / d*x ETrFWF““ —TrF,, (0" A" — 3" A" +ig[A", A”]) (21)

where A" and F*" are treated as independent fields. Following the same method, the Euler
derivatives are calculated which lead to the equations of motion

L* =D, F™" =0, (22)
1
L = E[FW — (0" AY —3"A* +ig[A*, A'D]=0. (23)

A gauge identity is also found similar to the second order formulation
D,L" +ig[F"', L,,]1=0. 24

Expanding (11) to explicitly write the two distinct Euler derivatives, we obtain the gauge
identity as,

Az, 1) = 2:/d3 pf’g’;“(x,z)Lﬁ(x, t))

+3 / x o (ol e DL 501 =0 (25)

Comparing this with (24) we obtain the generators (17, 18, 19) together with
P (x,2) = —gf ™8} (x — D) FF" (x). (26)
The gauge transformations of the field A, and F*" are now obtained from the relation (10)

§AM = (D", 27
(SF;LULI (x) gfahL‘ hF;l.UC' (28)

In this way we obtain the gauge variation of the gauge field (A*) and the field strength (F*")
in an independent manner for the first order formulation.
4 Metric Formulation

So far we were discussing the general method of analyzing the gauge symmetry in the La-
grangian framework and took non-Abelian gauge theory as our example to elaborate the
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whole procedure for both the second order and the first order descriptions. Now we are in
a position to study the diffeomorphism symmetry of the general theory of relativity. In this
section we study the second order formulation which is usually called the metric formula-
tion. The less studied first order formulation i.e. the Palatini formulation, will be considered
in the next section.

The Einstein-Hilbert action which describes the metric formulation of gravity is given
by,

S = / d*xL(g)
S LN RN e (29)
where R, is the Ricci tensor
Ry, = FI)JL/.L,)» - F;:/J.,v + Fi‘ul"g,\ - F;Ml"ﬁo. (30)
The metric compatibility condition
Vo8 =0 €1y}

defines the Christoffel connection in terms of the metric components,

1
F;pw = Egpg(gva,u + 8uoy — guv,o)- (32)

Varying the action (29) with respect to the metric g,, we get the Euler derivative L, i.e.

88 = / L*8g,, (33)

where the explicit form of L*" is written as,
1
L = /—gG" = V—g(R‘“’ — Eg’“’R) (34)

leading to the usual Einstein’s equation, L*" = 0. Now to find the gauge identity we recall
the Bianchi identity [15]
Vo Ry + Vo Ry + Ve Ry =0 (35)
which follows from the definition of the Riemann tensor
Royoe = 810 R = 810 (TG, =T, +T0TS — T T7). (36)
Contracting A with v and p with «, in (35), using (31) we get
v,G"" =0. (37)

This contracted Bianchi which means that Einstein tensor G*" is divergence free is referred
as the gauge identity in [16]. But the Euler derivative we defined in (34) is not G*¥ but
/—gG*'. So we take our gauge identity as,

A, =2VgLE =0. (38)
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The extra factor 2 is introduced for later convenience. In order to write the above (38) in a
more convenient way we note that, the definition of I (32) can be used to write the diver-
gence of Einstein tensor

V.G =09,G, +T, Gy —T Gy (39)
in the following form
1 1
v,.G" =(9,G" + Eg"ﬁ 328,86 G” — zGMg dv&pu |- (40)

Now using (31) and (40) we write the gauge identity (38) in the form
A, =2V, L' =2V, /—gGY
1 1
= 2«/—g (aMfo + ig“ﬂao,g,tﬁG‘j — EGﬂﬂaUgﬁM>

=20,7/—8G" — 3,8u5/—8G**

=29, L" — 3,8, L 41)
where we have used the important relation

9,8 =88 0,8up. 42)

In the metric formulation of gravity the analogy of (11) is expressed as,
Ao(@) = Z / X (Ppvats) (%, DL (1)) - 43)

Comparing this equation with the identity (41), we get the following expressions for the non
vanishing generators

Poou© = —0,8008 (x — 2), (44)
Poou() = 2800 (x — 2), (45)
Poip©) = —9,80:8(x —7) +9f (gOMS(x - Z)) ) (46)
Poip(1) = &uid(x — 2), 47
Piju©) = —0,8ij8(x —2) + 9] (8iu8(x —2)) + 07 (g;0(x —2)). (48)

After getting the expressions for the generators it is now straightforward to calculate the
gauge transformations of the metric g, under the Lagrangian gauge symmetry. Later these
transformations will be identified as the diffeomorphism transformations of the metric. We
write (10) for this formulation of gravity as

ag/w(-x)_Z( l) /d3 PYD )p/wot v)(-x Z) (49)
s=0
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From the above equation we write §gqo as,
dgoo(x) = /d3z [80(2)0000(0) (x.2) + " (2) poocoy (x. 2)

e dek
— ——(2)pooocry (x, 2) — ——(2) Poooc1) (X, 2) |- (50)
at at
Using the generators (44, 45) in the above equation we get

8800 = —908008° — 2800808° — 280k dpe* — B gooe". (C1))

Similarly all other components of the metric g,, can be calculated. Combining everything
we write the variation as,

(Sg/w = _aotglwga - g/uxav‘sa - gavauga~ (52)

Above result expresses the gauge transformation of the metric field g, . The variation of the
inverse metric g"" is obtained easily from the above equation (52) by observing that

3g"" = —g"g"8g.p. (53)
The expression of §g*” we thus find, is written as,
8" = —0,8""e% + g"*0,6" + g* 08" 54)

We next calculate the gauge transformation of the connection from its definition (32). Mak-
ing use of (52) and (54) we find it to be

SFZV = —8“8al"£v + szaae" — Fﬁaavso‘ —I7 08" —0,0,". (55)
The diffeomorphism transformations of the metric field and the connection are derived in
Appendix ((88) and (91)) from a point of view of infinitesimal general coordinate transfor-

mation. The results are identical with (52) and (55) which shows a one-to-one correspon-
dence between the gauge and the diffeomorphism symmetry.

5 Palatini Formulation

Similar to the first order formulation of the non-Abelian gauge theory there is also a first
order version of the Einstein-Hilbert action [17]

S = / d*xL(g.T) = / d*x/~gg"" R, (D) (56)

where g, I' are now treated as independent field variables. The definition of R, in terms
of I' is same as (30). In our present analysis we take g, and '/}, as symmetric in w and v.
Variation of the above action with respect to g, and '/, gives

58S = / L"8g,, + / ) (57)
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The expressions of the Euler derivatives L*¥ and E!” are given below
LW = J—_g(R”” - %g“"R), (58)
El = (V=g¢"") o + /88" Th, +/—gg"T}, —/—gg"'Th,

- 1[(¢—_gg“ﬁ),ﬂ +/—8g"’ T, 18,

2
= %[(\/—_gg"ﬁ)ﬁ + /gy 18" (59)
leading to the equations of motion,
L™ =0, (60)
E! =0. (61)

The metric compatibility condition (31) can be derived from the second equation of motion
[16] except for two dimension. The issues related to two dimension may be found in [17].
After obtaining the Euler derivatives we now give the gauge identity for the Palatini formu-
lation

Ay = _L‘waaguv + zav(gunLaa)
—E" 3,00, — 8,(EL"TA ) +28,(E*"T5,)3,9, E” = 0. (62)
Note that in the metric formulation E*" is identically zero and (62) reduces to the identity

(41) which came from the double contraction of the Bianchi identity (35). It is worthwhile
to mention that there is also a Bianchi identity [16] valid for Palatini formulation

VR + VR, + VR, =0. (63)

VK

The relation (43) is now rewritten to include the independent Euler derivatives as,
Ay(2) = Z / X — (vt (X, DL (X) + 0F ) (¥, 2D EL (1)) . (64)

Using the explicit expressions for the Euler derivatives (58, 59), the generators are read off
by comparing (62) with (64), naturally, the generators p,,«(s) are identical to the generators
of the metric formulation, exactly as happened for the gauge theory. The expressions of the
other generators are given below

p(())OM(O) = —8HF808(x —27)— 323,51 (Fggﬁ(x - Z)) ) (65)
:0800(1) = F805(x —2), (66)
IO(())Ok(l) =2l 8(x — 2), (67)
/7800(2) = ngm(Z) =—d(x—2), (68)
Poine = —0uTGi8(x —2) = 8,9, (T8 (x — 2)) 467 (T, 8x —2) .~ (69)
Poixy = Tid (x = 2), (70)
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Porocty = —078(x — 2), (71
Py = —0uTH8(x —2) + 85 (T),8(x — 2)) 4 87 (T8 (x — 2))

— 8005, (T8 (x — 2)) — 8097938 (x — 2), (72)
Poon0 = —0uTGod (x —2) — 05 (T8 (x —2)) 8., (73)
Pooucty = —T08k8(x — 2) +2I'§ 8 (x — 2), (74)
Poinoy = —0uT6;8(x —2) — 8805 (T8 (x — 2)) + 07 (T, 8(x —2)) . (75)
Pl = —0ETO8(x —2) + TE8(x — 2) — 878 (x — 2)8L, (76)
Piuoy = =0T (x — 2) + 0F (T, 8(x — 2)) + 05 (TF,8(x — 2))

— 8805 (T)8(x —2)) — 85,07038(x — 2), (77)
Pluy = =8, Ti8(x = 2). (78)

These generators are now used to calculate the diffeomorphism transformation of the fields
guv and I' from the following equations

- 0%e®

Sg,uv(x) = Z(_I)S/dSZ 91 (Z))O/wa(s)(xs 2), (79)
s=0
n 5%

82,0 =Y (= 1y / 2 (P (5. ). (80)
s=0

Since the generators 0,4 (s) are same as the generators of the metric formulation of gravity,
the gauge variation of the metric is same as (52). From (80) we write T, explicitly

8T (x) = / d’z [e°(z)p800(m<x, 2) + £"(2) Po oy (%1 2)

e’ ek %%,
- W(Z)Pooo(l)(x, 7) — ﬁ(z)pOOk(l)()ﬁ )+ W(Z)pooo(z) (x,2)| (81

using (65, 66, 67, 68) in the above equation we get
8T0y = —£0, Ty + ' d,e® — 21, e — a7’ (82)

All other components of the connection can be calculated in a similar manner. The results
thus obtained are written in the following way

3re = —e%9,I”

v v

+ szaas" — Fﬁaavs"‘ —I7,0,8% —9,0,". (83)

Thus in the Palatini formulation, the gauge transformation of the connection is derived in-
dependently from the gauge variation of the metric. The same result is derived in Appendix
(91) using the transformation of the metric (52).
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6 Discussions

We have studied the gauge symmetries of the general relativity theory for both the second
order (metric) and the first order (Palatini) formulations of gravity. Some identities were
obtained from which the generators of the transformations were found. The gauge transfor-
mations of the metric and the connection for both approaches were systematically derived.
The results thus obtained were identical to the diffeomorphism transformations and compat-
ible with each other. In this regard the present study of this paper can be considered as an
alternative to Hamiltonian analysis.

A point worth mentioning is that, although the symmetry transformation rules for the
metric and the Christoffel connection are well known, explicit computations of those rules
within the Lagrangian framework, for the general relativity theory either in the metric or
in the Palatini formulations are completely new. Since the method we follow here is very
general one can apply this to other formulations of gravity where the action is not obtained
directly from the general covariance principle but rather as a limiting case of some other
theory. For example in string theory higher order corrections to the Einstein—Hilbert action
is found in the semi classical regime. There are also classical theories like Lovelock gravity
[18] where the Lagrangian density is a general function of the Riemann tensor not just
simply the Ricci scalar. For such theories our formulation is still applicable to find the gauge
transformations of the basic fields. Even in the context of classical general relativity theory,
symmetry analysis has been done thoroughly within the Hamiltonian framework [7, 8]. But
the Lagrangian formulation which is known to complement the Hamiltonian formulation
lacked such symmetry analysis. In the present paper we have discussed the gauge symmetry
of general relativity theory within the Lagrangian framework. The constraints of the theory
which are important for the Hamiltonian gauge analysis can also be obtained here from the
time component of the Euler derivatives. The gauge transformations of the metric obtained
here, when written in terms of the lapse and shift variables match exactly with the results
found from A-D-M decomposition technique [8]. Thus, in this paper we found consistent
results which in our belief fill the existing gap between two approaches (Lagrangian and
Hamiltonian) in the context of diffeomorphism symmetry.

A main result of our paper is that, the techniques of gauge theory which are used to study
the symmetries of a gauge system are applied successfully to describe the symmetries of
general relativity theory. The frequently used statement ‘gravity is a gauge theory’ is thus
established here in the Lagrangian version of the theory. Regarding the equivalence of the
first order and the second order formulations of gravity we observe that, though the diffeo-
morphism transformations for both the formulations are compatible with each other, there
is one important difference hidden in their respective gauge identities. The gauge identity of
second order metric formulation is shown to follow from a more general Bianchi identity as
shown in Sect. 4 whereas the gauge identity of the other (first order) formulation, mentioned
in Sect. 5 does not follow from the Bianchi identity of the first order Palatini formulation.

It is worthwhile to pursue the consequence of symmetry analysis for other approaches
of gravity since it is a well known fact that Einstein-Hilbert action is not the unique ac-
tion which is invariant under general coordinate transformation. Even for a more general
Lovelock gravity formulation [18] it is shown that classical results obtained from metric and
Palatini formulations are completely equivalent [19]. In presence of different other terms
in an action (higher order gravity theory [20-22]) apart from the standard Einstein Hilbert
term, metric and Palatini formulations are not equivalent in general [23, 24]. For such an
action the present symmetry studies may give new insights about the problem.

Acknowledgement We thank Dr. R. Banerjee for suggesting this investigation and also for discussions.
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Appendix

Here we give a brief derivation of the diffeomorphism transformation of the fields. Under a
general coordinate transformation, g, transforms as a covariant second rank tensor i.e.

;oo 09X axP 84
glw(x )= Bx—’“wgaﬁ(x)' (84)

Now we consider an infinitesimal coordinate transformation
xt— x* = x" 4 et (x) (85)

under which, we write from (84)
8 () = 810 (%) — 81 (X)0,6% — ga (x)0,,6% + O(&7). (86)
A Taylor expansion of the r.h.s. of the above equation, using (85), gives
8w () =g, (x +8) =g,(X) + 0 gue” + O(). (87)
Combining (86) and (87) we get
88uv(x) = g, (¥) — 8uv(X) = — 008" — 8ua¥rE” — Zav Iy (88)
This can be written in a covariant notation also [25]
88 =—V, 8, —V,e, (89)

where the definition of connection (32) has been used. In a similar way the variation of the
inverse metric g"” is also obtained

8" = —0,8""e% + g"*09,e" + g*"0,8". (90)

Using (88) and (90) it is now straightforward to calculate the diffeomorphism transformation
of the connection from (32). We find it to be
8FZU = —so‘aaFﬁv + quaae" - Fﬁaav.s“ —TI? 09, — 0,0, 91)

This equation together with (88) give the gauge variation of the two most important quanti-
ties of general theory of relativity.
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